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ABSTRACT 

The function defined by the integral 

i s  tabulated to six decimals in the ranges 0 x 1. 20 
and - 2.5 5 u 5 10 for n = 0, 1, 2, and asymptotic ex- 
pressions for the function are given for limiting values of 
x and u. 

f l U T H O 4  

I. INTRODUCTION 

In various problems of theoretical physics  there arise certain functions defined by the definite 

integral 

where z and u are two real numbers, and x is always positive. In general these  functions occur  in dealing 

with the absorption and scattering of par t ic les  having a Maxwellian distribution of velocities, as for instance 

in computing the absorption coefficient for a beam of thermal neutrons (Refs. 1,2). They a l so  occur  in the 
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kinetic theory of g a s e s  where a simple relaxation model i s  u sed  for the collision terms in the Boltzmann 

equation (Refs. 3, 4, 5); the moments of the distribution functions can then often be expressed in terms of 

the functions gn. 

T h e  case u = 0 has  been studied by Abramowitz (Ref. 6) who h a s  given, for the function go (x, O ) ,  a 

se r i e s  expansion suitable for small values of x and a n  asymptotic expansion for large va lues  of x. 

T h e  function g,(x, u) is not, in general, reducible to any of the standard tabulated integrals. In th i s  

report we first d i scuss  the  general properties of the functions and their asymptotic behavior; then we  present  

tab les  of their values a s  found by numerical integration on a computer. 

2 
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II. GENERAL PROPERTIES 

The function g,(x, u) sa t i s f ies  the following differential equation and recurrence relations: 

a 3gn a 2gn a g n  
2 u - -  %, = 0 - x  - + (n - 1) -- 

a x 3  ax2 a x  

Also, the function gn(x, u) is finite for x > 0 for all values of u and n ,  but infinite at x = 0 for n 5 - 

Special values of interest  a re  

2 2 

3 
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(3a) 

(3b) 
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111. EXPANSIONS FOR LIMITING VALUES OF u 

A. Large Positive u 

The asymptotic behavior of the function for large u can be obtained by the  saddle point method 

(Ref. 7). In applying this method i t  i s  convenient t o  write 

v X 

3 
v = -  , x = -  

U u 

When such a change i s  made, Eq. (1) becomes 

For large u most of the contribution to the integral comes from the neighborhood of the saddle point, where 

the argument of the exponential 

- u 2  h(X, v )  = - u2  

is a minimum. T h i s  point will be  given by the roots of the cubic 

v2 ah(XT 
= 2v2(v - 1) - x = 0 

av 

As X > 0, the saddle point in which we are interested is the only real  root V = V ,  > 1 of Eq. (6) and is 

given by 

1/3 
4 

27X 27X 27X 27X 3 

4 

(6) 
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Expanding h(X, V) around Vo as usual, we obtain the asymptotic expression 

To s e e  the form of Eq. (8) more clearly, suppose X is small; then Vo can be  expanded in  the s e r i e s  

v o ; e l + - x - - x  1 1 2  + - x  ? 3  +'.. 
2 2 8 

and 

For large X, on the other hand, 

( y3 ( 1  + - 4 + ... 1 

81X 
YO 

and 

Note that the first term in Eq. (10) is independent of u, and is identical  with the first term of the expansion 

for gn ( x ,  0)  as given by Eq. (12). 

Tab le  1 shows a comparison, for u = 5, of the exact  values  of the functions go and gl with the 

asymptotic expression for small x, computed for the same number of terns given in Eq. (9). 

B. Small Positive u 

For  smal l  u one can expand the integrand in Eq. (1) and obtain 

5 
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gJx, u )  = / m  vn 
0 

k k 
u (2v - u )  z 

k -0  k !  
exp (- v 2  - r ) d v  

We can  now obtain expansions for small or large x using the known properties of t h e  functions g (x, 0 )  (Ref. 

6). Thus,  for large x, Abramowitz g ives  

x exp [-3 ( y3] 
The va lues  of a. and an are 

and the  recurrence relation for ai(n)  i s  given by 

1 

2 
12(i + 2) ai + = 4 1 2  i + 36 i - 372 - 3n + 25) ai + + - (n  - 2 i) (3  i + 3 - n )  (3  i + 3 + 2n) ai 

where i = 0, 1, 2, . 

Table 2 compares the values from the asymptotic expression, computed by using a0, a l ,  a 2  and a3 

in Eq. (121, with the exact solutions for u = 0.2. The asymptotic solutions in Tables 1 and 2 were evaluated 

on a desk computer using five-place logarithm tables. 

6 
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C. Negative u 

The asymptotic behavior of gn ( x ,  u) for u < 0 can be worked out along similar l ines ,  but no detailed 

resu l t s  will be quoted here as the roots of the counterpart to Eq. (6) need rather complicated classification in 

terms of the values  of x. However, we rnay note the following general results. For smal l  negative u Eq. (11) 

is s t i l l  valid with due regard to the sign of u. Also for sufficiently large x, as noted earlier, the asymptotic 

behavior of gn is, to a first approximation, independent of u, so the resul t  will be true for negative u also. 

Finally, €or large negative u the values  of gn are too sma l l  to be of any particular interest. 

IV. METHOD OF NUMERICAL COMPUTATION 

The numerical computation presented in Table 3 for n = 0, 1, and 2 in the range 0 I x I 20 and 

-2.5 5 u 5 10 were carried out on the IBM 7090 computer by applying a step-by-step integration with 

A v = 0.001 using a second order Gaussian integration formula in each interval. The computations are 

accurate to 8 figures; however only the first  6 decimals are presented. Extension of the tab les  for other 

values of n is easi ly  performed using the recurrence relation in Eq. (2c). 

7 
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x 

.~ 

0.00 
0.05 
0.10 
0.15 
0.20 
0.25 
0.50 
1 .00 
1.50 
2.50 
5.00 
10.00 
15.00 
20.00 

Table 1. A comparison between the numerical solution and the 

asymptotic solution of Eq. (1) for large u 

g&, + 5 )  

Numerical 
solution 

1.772453 
1.754445 
1.736623 
1.7 18987 
1.701534 
1.684262 
1.600553 
1.445665 
1.306068 
1.066739 
0.645580 
0.240068 
0.090923 
0.035006 

Asymptoti c 
solution 

1.772454 
1.754467 
1.736663 
1.7 1904 1 
1.70 159 1 
I. 684324 
1.600605 
1.445480 
1.305435 
1.064896 
0.640377 
0.232295 
0.0846 18 
0.030922 

9 

g+, + 5 )  

Numcri cal 
solution 

8.862266 
a .774095 
8.6868 19 
8.600430 
8.51 49 17 
8.430273 
8 .O 19763 
7.258880 
6.571550 
5.389269 
3.293682 
1.247305 
0.480326 
0.187789 

Asymptotic 
solution 

8.862265 
8.774087 
8.686788 
8.600361 
8.514779 
8.430075 
8.019026 
7.256246 
6.56621 2 
5.377254 
3.2651 32 
1.206571 
0.471821 
0.168408 
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Table 2. A comparison between the numerical solution and the 

asymptotic solution of Eq. (1) for small u 

X 

3 

4 

5 

6 

7 

8 

9 

10 

15 

20 

N um eri ca I 
solution 

0.032085 

0.014607 

0.007064 

0.003574 

0.00 1873 

0.00101 1 

0.000559 

0.00031 5 

0.000023 

0.000002 

Asymptotic 
solution 

0.03 1901 

0.014483 

0.006984 

0.003524 

0.00 1842 

0.00099 1 

0.000546 

0.000307 

0.000022 

0.000002 

10 
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Table 3. Numerical values of go(X, u), 1 ( ~ ,  U) and 0 (x, U) 

x = 0.0 (0.01) 0.1 (0.05) 0 .5  (0.1) 1.0 (0.5) 5.0 (1.0) 10.0 (5.0) 20 

u = - 2.5 (0.5) - 1.0 (0.2) + 1.0 (0.5) 2.5 (2.5) 5.0 (5.0) 10.0 

Five D, except for g 2 ( x  < 6.0, 10.0) where the accuracy i s  4 D. 

(Results truncated after the sixth decimal.) 

11 
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Table 3 (Cont'd) 
u = - 2.50 

0 ,  0,000361 0,000064 - _. 0 0 moo2 1 
0,010000 0 - 000306 0,000060 o,odoozi 
00 O3OOOO 0,000055 0 , o o m  
0,050000---- 0~000210 0,000050 o , oOooi9 

0 0200GO - - 0-000272 o,o.o~0247 0,000057 -- -- 0,000020 

0,040000 0,000227 - o ~ o o o a 5 2  ._ 0 ,  000019 

0.0600 00 0-000195 0,000048 0,000018 
0,070C G O  0,000183 0,000046 0 ,  000018 

_I__ 0,0800CO Q -O!m !7-1.___ 0,000045 0,000017 
0,0900-6-0 - -  0-000161 0 000043 O,OGO017 
0,100000 0,000 152 Oo000041 _ _  O m  OO0016 
0 150000 0,000116 0,000035 o , oooo 14 

0 ~ 2 5 0 0 0 0  0,000075 0,000025 6,000011 
0,2c.0cc0 0,000092 0,000030_ - .  0,000013 

0,000062 0,000022 0,000010 
0,000051 0 ,  oo ob io--- o , o o m  

0 , 4 C O O C O  - .  _ _  0 , 0 ~ 0 0 4 3 -  . .__. 0=000017 _ _  _ _ _  0 OOP_qOS 

0,500000 0 -000032  0,080013 - - -  - 0.0 0.000 7 
0,4500 00 0,000037 0 0 0000 15 0 ,  000007 

0,600CCO 0,000024 0,000010 0,000006 
0 0 7GOCOO 0,000018 - 0,000008 ___ - _I ---__ 0,000005 
0,8G0000 0,000014 0,000007 O,OOOO04 

__ _ _  - - __._- _- 

12 

0 0 9COOOO 
1,0000c0 
1-  500000 
2 , 0 0 0 0 ~ 0  

3,5000oo . 

4-OGOOOO 
4 ~ 5 0 0 0 0 0 ~ ~  . 

5,ooooco 

0,00001 1 
Oo000009 
0,000003 
0,000001 
0 ,000001~ -- - 

o,oaoooo 
0,0000~00 
0 0 000000 

- 0,000000 
0,000000 

- __ - - - 

_ 0,000006 
0,000005 
0 ~ 0 0 0 0 0 2  
0,000001 
0,000000 
0,000000 

.. _ _  . 0,000000 
0,000000 

_ _  0,000000 
0,000000 

. - ___-_ . . - - - -.- _- - 

6oOC00.00 0,000000 
7,OGOOCO 0,000000 

0,000003 
0,000003 
O , O O O O O l  
o,aooooi 
9 ?OOAQ!LO 
0,000000 

- - . . -. 0-0 0 00 00 0 
0,000000 

..__. 0,000000 
0,000000 

0,000000 
0,000000 

_____.---.- 0,000000 
0,000000 

8 ooooco 0,000000 _ _ _ _  - 0,0000~00 - 0.000000 
9,ocoooo 0,000000 0.000000 0,000000 

0,000000 0,000000 19- 0000 00 - _____  _ _  0 ~ ~ 0 ~ 9 0 _ 0 0 - ~  __ 
15, 0000 GO 0,000000 0.000000 0,000000 
20 0 000 0 00 0,000000 0,000000 0,000000 

I __  ____II____.___ ___ 
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X 

0 ,  
0,0100c0 
0 0 0200 co 

0-040000 
a, 030000 

0,050000 
0 , 0 6 0 O G O  
0 0700CO 
0-080000 
Oo090000 
0.1co0co 
0,150cco 
G,200000 
0,250000 
Oo3COOCO 
0-350CGO 
0,400 0 CO 
0,4500 GO 
0,5COOCO 
0 ,  6OOCCO 
0,7000CO 
0,8000CO 
0 0 9coc c0 
1 ,ocooco 
1~5COOCO 
2,0000c0 
._ 2 5COOCO 
3 , 000000 
3-500000 
4,000000 
4,SOOOCO 
5o000000 

-_ 6-000000 - 
7,000000 
8,000000 
9oOOOOOO 

1.0 0 0000 00 
1 5  0000 00 

0,004146 
0,003577 
0,003238 
0,002976 
0,002760 
0,002576 
0,002415 
Om002272 
0,002145 
0-002030 
0,001926 
0-00 15 16 
0,001229 
Oo001036 
0,000853 
0,000723 
0,000620 
0,000 5 35 
Oo000465 
0-000356 
0,000278 
00000220 
0,000176 
0.000143 
0,000055 
OoOOOO24 

- _ _ _ _  0 -0 000 12.- 
0,000006 
0,000003 
0,000002 
o,oocoo1 
0 , 0 0 0 0 0 ~  

- - - 0,000000 - - - - - 
0,000000 
0 0 000000 
0I000000 
0,000000 
0,000000 

Table 3 (Cont'd) 

u = - 2.0 

- 

- _-_- 

61 

0,000867 
00060&29 

0.000764 
0,000795 

0,000735 
00 000708 
0,000683 
0,000660 
0 0 0006 38 
0,000617 
0.000597 
0 0005 12 
0,000444 
0,000388 
0,000341 
0,000302 
0,000268 
Oo000240 
0-000215 
0,000 174 
0 0 000 142 
0 0 000 11 8 
0,000098 
0,000082 
0,000036 
0,000018 

_ _  0 000009 
0,00000s 
0,000003 
0,000002 
0,000001 
0,00000 1 
0,000000 
0,000000 

g2 

0,000339 
OoOO033 1 
0,000323 
o , ooo 3 i3 
0,000307 
0 -  000300 
0,000293 
0,000287 
0 ,  000280 
0,000274 
0,000268 
0,000240 
C,000216 
0,000195 
0,000177 
0-000161 
OoOC0147 
0,000134 
0,000123 
0,000 104 
0,000088 
00000075 
Oo000064 
0,000055 
0,000027 
0,000014 
_. Oo000008 
0-000005 

0,000002 
0,000001 
0 0 0 0 0 0 0 ~  
0,000~000 
0,000000 

a,ooooo3 

0.000000 - 0,000000 
0,000000 0,000000 
0,000000 0,000000 
0,000000 0,0000-00 

13 
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Table 3 (Cont'd) 

u = - 1.50 

0 ,  __. 0-030039 0-007642 _. 0,003557 
0 .  o io  0 60 0.026519 - 0 --OO 7 3 6 2 0,003482 
00020000 0-024347 0,007108 0 003409 ________ _____._ ____-____--- -- -- 
0 030000 00022634 0,006873 0 , 0 5 3 m  
0 040 0 00 _ _  0,021200 0 -  006654 _ _  - 0-003272 - 

00 OSOOOO 0-019961 0 0 00 6448 0,003206 
. -_ 000600(>o _ _  0,018869 0 006 254 _ _  Oo003143 

0,070000 0-017893 0-006071 0,003081 

._ - 0.1 Clp_OP.O .. _ _  _ _  _ _  0.015473 ._ 0 -  005572 . _  0,002907 
O01~0000 0 0 12530 0-004876 0,002646 
.& 2-00-0 00- - - I__ - 0-010404 _ _  0-004305- __ 0-  00241 7 
0.2500UO 0-008787 0-003827 0-002214 
0-3000 00 0,007515 0-00342 1 0 002033 
0,350000 0-006490 0-003072 0 00 1871 

2 
3 

3 
0 

0ce ~ _ _ _ _  0,005650 _ _  -0 ,_ooz73.9.-- 0-001725 ~ 

000 0-004951 0,002504 0 001593 
IO.qoL . . - - 0 , o  043 4 4 . .. ._ ---a- 0 00.2212 0,001474 ~~ -. .-.. ... 

000 0-003438 0,001884 0,00126? 
000 0-002750 0 -  00 1576 0,001095 
1000 0-002228 0-001329 0 00095 0 
'000 -. ~ __._...I._ 0 - 0 0 18.2 3 . . . . 0.-0031_27_ . - 0-000827 
I000 0 00 150 5 0-000961 0-000723 
IO.00. 0-,09.0~36 . _,oow?? ~- 0-000385 - -~ ~ 

!COO Oo000153 0,000132 0-000126 
I000 0-000082 0,000075 0-  000076 

loco 00000301 0 -  000240 0,000216 

3-500000 _-_ ____- 
4 000000 

- 0-000046 - - - - - ___ - 0-  O w & L 4 - ~ - - - - -  0-000047 
0-000026 0 000027 0,000029 

- -e--. 4 500000 _- -. __ - ~ ~ 0 . 0 0 0 0 ~ 1 c ,  -__ -I--.I_ Oo000017 0-000019 
5 ~ 0 0 0 0 0 0  0,000009 0,000010 0 ~ 0 0 0 0 1 2  
6-000000 0-000004 0-000004 0 . 0 0 0 0 0 ~  
7 ~ 0 0 0 0 0 0  0.000002 01000002 0,000002 

__ Bo000000 _ _ _  __ __ 0,000001 0 0 00000_ol~ 0 , 0 0 0 0 ~  
9 0000 00 0.000000 00 000000 0,000001 

10.000000 0,000000 00000000 0,000000 
15,000000 0,000000 0,000000 0,000000 
__ __ 

2 0 ~ 0 0 0 0 0 0  0,000000 00000000 0,000000 

14 
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Table 3 (Cont’d) 
u = - 1.00 

---__ 0 ,  _- _-_-_ 0,  _ _  139403 - - _  0-044531 - -- _ _  0,025164 
0 00 l O O ( t 0  0.125986 0.04 3 2 19 0,024”j-26 
--- 0 ~ 0 2 0 0 0 0  0,117367 Oo042004 0-024300 

0,0300420 o iiiG25 0 OqOw6- 0-023885 
_. 0 ,  040000 0 ,  104515 00039792 __ 00023482 

._ 0-060000 05094714 --_ 0-037803 . -  0,022707 
o,asoaoo 0,099336 0.038773 0,023089 

0,070000 0,090536 0-036878 0.022333 
0 e 0 80 0 CO 00086724 0-035992.-..-.-----.-- 0.021969 
0,090000 0,083220 0 03 5 142 0-02 1613 

- 0,079980 -_ 0.034326 
0 0 667 2 9- - 0-030676 

O - O g 2 6 6 -  
0-019644 

-- 0-300000 0.042828 0,022666 0 ,  015687 
0-350000 0-037680 0-020657 0,014605 
o,+ooooo 0 -033372--- 
Oo450000 0,029721 
0,500000 - 0 - 02-6 59 6 -. . __ __ 
0-600000 0 0 21 550 
0-700000 0 -0 17690 
0 0 8 0 0000 0,014674 

---- 0 9 ---_ 000 00 __ 0,012279 ~ 

1,000000 0-0  10352 

___& 00018884 0-013618 ___ 
0 ,  01 7309 0.0 12714 
- 0-015903 _- - ____ 0-011884 - __ 

0-011553 0-009168 
0 009941 0-008096 
0-008598 0-007171 
0,007470 0,006369 

0 - 013 50 7 0 ,  01041 8 

lo500000 0 -0!P42!?9- 0 00_3E!?L.-...--- OoO0364 1 
2,000000 0 ,002436 0-002167 0,002 173 
2-500000 0,001320 0,  001260 0-001340 
3 ~ 0 0 0 0 0 0  0 ,Q00749 0,000758 0-000847 
3 5 aoo GO 00000440 Qo000469 0-000516 
4oOOOOOO 0,000264 0 000296 0-000359 

- 4oS00000 - 0-000165 __- 0 000 - 19 2 ---I__ 0- 000239 - 
5,000000 Oo000104 Oo000125 O o 0 0 0 1 6 1  
6~000000 o,ooaaM 0-000056 0,000016 
?-OOOQOO 0,0000 19 0 0 00 0026 0,000037 
8,000000 0,000009 0-  O O 0 0 1 3  0*000019 
9-000000 0-000004 00000006 0~000010 

10,000000 0,000002 0~000003  0,000005 
15*Q00000 O~OOQOOO Q-OOOOOO 0~000000  
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Table 3 (Cont’d) 

u = - 0.80 

X g0 g1 g2 

0 ,  

o ,030 .~~G~o~  00 0 20 0 GO 
0.0 1ooi)o 

0.0400CO 
0.050000 
0.060000 
0.070000 
0,080000 __-_ 
0.090000 
0.100000 
0,150000 
0,200000 
0.250000 

0,228557 - 0,080801 0 ,  049638 
0,2085 I? 0.078628- 0,048841 
0.- 1954-13 -__I__- _-___ 0,076611 ----.-0,OQBp_6_5 
0.184759 00074712 0,047308 

0,167565 0 ,  07 1196 0,045850 
0,160337 0,069557 0,045146 

0,175622 0,072911 0,046570 

0,153771 0,047987 00044459 
o,o*so_ ___I_ __ Ooq43786 

0,142201 0 06 5030 0,043129 
___I__ 0,147754 ____ 

0,137045 _ _  0,063634 0,042486 
0,115757 0,057341 0,039466 
o ,Q996 a_ 0-051974_ 0-036736 
0,086830 0,047324 0,034256 

0,300OCO -- -____I 0,076407 0 043252 Go031994 - - ~  
0.3 50000 0-067741 0,039654 00029923 
o-4oo0oo - 0 ,060424 - _. 0-036425 _ _  - 0 0 028 02 2 

0,500000 0 0-4 8 78 3 9-03_1022-_- _ _  0 0 0.246 s 8 
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